We study the rank N magnificent four theory, which is the supersymmetric localization of U (N ) super-Yang-Mills theory with matter (a super-group U (N |N ) gauge theory) on a Calabi-Yau fourfold. Our theory contains the higher rank Donaldson-Thomas theory of threefolds. We conjecture an explicit formula for the partition function Z, and report on the performed checks. The partition function Z has a free field representation. Surprisingly, it depends on the Coulomb and mass parameters in a simple way. We also clarify the definition of the instanton measure.
Introduction and summary
In this paper we define the higher rank version of the 'magnificent four' theory [1] , and conjecture the free field expression of its partition function.
The latter is essentially the twisted Witten index of the supersymmetric quantum mechanics describing a collection of k D0-branes in the presence of N D8-branes and anti-branes wrapping a Calabi-Yau four-fold, which we take to be C 4 , in the background of the appropriate B-field [2] . Of course, the collection of both branes and anti-branes in flat space in the absence of additional fields breaks all supersymmetry. The open string spectrum contains a tachyon that drives the system towards a supersymmetric ground state, in which the branes and anti-branes annihilate. When B-field is present, the complete annihilation need not take place. In our problem we turn on additional background fields.
The intrigue of these problems is that they might teach us about the degrees of freedom of M -theory. Recall that the analogous setup involving D0-and D6branes [3] [4] [5] reproduces the twisted index of eleven-dimensional supergravity viewed as quantum field theory (when expanded around the Minkowski space) with global supersymmetry. 1 In our present case the introduction of higher dimensional branes might probe additional degrees of freedom.
We shall assume the low-energy description of our system of branes and antibranes is given by an U (N |N ) gauge theory, as in Ref. [8] , although in our case this is a cohomological field theory, not the Chern-Simons one.
As we shall see, mathematically our problem provides an interesting (albeit not the uniform) measure on the space of colored solid partitions. Even for rank 1, the counting of such objects is not known, namely the generating function of solid partitions P 3 (q) := ∞ k=0 p 3 (k) q k = 1 + q + 4 q 2 + 10 q 3 + 26 q 4 + 59 q 5 + 140 q 6 + · · · + 214071q 16 + · · · (1.1)
where p 3 (k) counts the number of solid partitions of size k, does not have a known closed form; only its values up to k ∼ 72 and its asymptotic behavior for large k [9] are known. See Ref. [10] for the computational aspects of P 3 (q).
From the gauge-theoretic viewpoint, the D0 − D8 system provides a generalization of the ADHM construction for some 8 + 1 dimensional gauge theory living on a stack of D8-branes (with the anti-D8's playing the role of defects providing some sort of fundamental matter fields). Namely, our D0-branes probing N D8branes provide the generalized U (N ) instantons, whose energy is concentrated in codimension 8, in agreement with Ref. [11] .
The relevant Chern-Simons coupling on the D8 worldvolume X 9 is 1 2(2πi) 2
where F is the field strength of the U (N ) gauge field living on the stack of N D8-branes and C (5) the RR 5-form. Now suppose X 9 = R 1 × Y 8 , with a compact Calabi-Yau fourfold Y 8 , and take C (5) = dt ∧ Re Ω with Ω a holomorphic volume form on Y 8 . In this way one gets the action of the semi-topological gauge theory of Ref. [12] .
Finally, by restricting to the case of rank 1 and by taking the cohomological limit, which corresponds to high temperature limit β → 0 in the quantum mechanical problem, one makes contact with Donaldson-Thomas invariants of Calabi-Yau fourfolds recently discussed in Ref. [13] .
Organization of the paper Section 2 deals with the D0 − D8-brane system: in section 2.1.1 we present the susy quantum mechanics, which is used to compute the index in section 2.3, after recalling some relevant definitions related to 4d partitions in section 2.2.1; section 2.4 reformulates the problem from the viewpoint of representation theory of tangent space, in particular in section 2.4.1 we prove that the tangent space is movable, and in section 2.4.2 we prove a sign rule that allows one to pass from the residue picture to the tangent space picture; in section 2.5 we conjecture an expression for the instanton partition function. We conclude with a discussion of CS-terms in section 2.7 and some aspects of wall-crossing phenomena in section 2.6. In section 3 we comment on how our conjecture encompasses many previously studied cases and how its various limits reproduce previously known re- In this section we formulate the matrix quantum mechanical problem aimed at representing the system of D0-branes in the background of D8-and anti-D8-branes.
Even if the brane interpretation of our matrix quantum mechanics is questionable, its twisted Witten index is a well-defined quantity that we compute below.
Matrix quantum mechanics
The system of k D0-branes slowly moving in flat Minkowski space is described by the maximally supersymmetric gauged quantum mechanics, which is obtained by the dimensional reduction of ten dimensional super-Yang-Mills theory to 0 + 1 dimensions. The wavefunctions of this quantum system are the U (k)-invariant functions of 9 bosonic and 8 fermionic Hermitian k × k (adjoint-valued) matrices. Indeed, the sixteen-component Majorana-Weyl fermions become, upon quantization, the generators of real Clifford algebra, half of which could be chosen as odd coordinates (with the additional parity constraints). The U (1)-part describes the helicity components of the Kaluza-Klein modes of the supergraviton in eleven dimensions compactified onto S 1 × R 1,9 , while the non-abelian SU (k) part is believed to have a unique L 2normalizable supersymmetric ground state [14] .
The presence of additional N Dp-branes adds to the matter content the k × N and N × k-valued matrix fields, bosonic and fermionic, depending on the brane's spatial dimensionality p and the choice of GSO projection.
The quantity of our primary interest is the twisted Witten index
where g is an element of the global symmetry group, which commutes with at least one of the supercharges. Of course, eq. (2.1) depends only on the conjugacy class of g.
Lagrangian and supersymmetry
The low energy action for k D0-branes is the dimensional reduction of super-Yang-Mills theory from 9 + 1 to 0 + 1 dimensions. We are interested in D0-branes moving in the background of D8-branes with B-field, therefore we organize the fields according to the symmetry breaking Spin(9, 1) → Spin(8) × Spin(1, 1). The global symmetry commuting with the two preserved supercharges is SU (4) ⊂ Spin (8) .
Our supersymmetric quantum mechanics has gauge group G = U (k). The bosonic field content is given by the 4 complex k × k matrices B a , their conjugates B † a , a = 1, 2, 3, 4, a real vector A t and a real scalar Φ, all valued in the adjoint representation of G = U (k). We denote by K the defining k-dimensional representation of G. We rotate into Euclidean signature (as eq. (2.1) corresponds to the periodic Euclidean time) and combine them into Accordingly, the fermions are ψ a , ψ † a , χ ab = −χ ba = 1 2 ε abcd χ † dc , η and χ all valued in Π End(K); the auxiliary bosons h ab = −h ba = 1 2 ε abcd h † dc and h = h † are valued in End(K).
The N D8-branes along R t × R 8 contribute D0 − D8 strings giving bosons I ∈ Hom(N, K) and I † ∈ Hom(K, N ) from the Neveu-Schwarz sector, with fermionic partners ψ ∈ Π End(N, K) and ψ † ∈ Π End(K, N ) from the Ramond sector. Here N is the N -dimensional vector space corresponding to Chan-Paton indices. The fields I and I † are present only when we turn on the B-field, which we take to be
We also introduce an auxiliary system of fermions Υ ∈ Π Hom(M, K), Υ † ∈ Hom(K, M ) and bosons H ∈ Hom(M, K). This may come from R sector of N anti-D8-branes, whose Chan-Paton bundle we denote by M .
Let us combine the two preserved supercharges into a supercharge δ, which squares to δ 2 = D t . The susy algebra reads
The action is S = dt L, L = δΨ, where
The FI term ∝ ζ > 0 represents the effect of the B-field. implies the stability condition
Conversely, the GL(K)-orbit of any tuple (B a , I) obeying eq. (2.6) crosses the locus µ = 0 (which is, in turn, invariant under the U (k)-action).
The real virtual dimension of M is 2nk, the number of components of Υ.
Localization
Our system has the manifest global symmetry group G F = U (N ) color × SU (4) × U (N ) flavor , which acts on the bundles N , K and M . Denoting the fields collectively by φ, the Witten index eq. (2.1) is computed by the path integral
where TBD denotes the space of fields obeying the twisted boundary conditions In what follows we will denote the vector spaces with the G F -action as their characters, e.g. M = µ α and N = ν α .
Instead of dealing with the twisted boundary conditions, one can weakly gauge G F , i.e. give a vev to the complexified 3 background gauge field A t + iΦ that can be gauge transformed to make it valued in the complexified Cartan subalgebra of G F . 4
The complexification of the Cartan subgroup T F of G F is parameterized by the C ×valued parameters ν α = e iaα , q a = e iεa , µ α = e imα , so that z = {a = (a α ) N α=1 , ε = 3 One needs to uplift the quantum mechanics to the two dimensional sigma model to geometrize the scalar in the vector multiplet of G F . 4 The condition
Denote the new supercharge by δ z and the new Lagrangian by
where in the unitary theoryā andε a are complex conjugates of a and ε a , respectively. The index eq. (2.1) is now computed by the path integral with periodic boundary conditions [15] [16] [17] [18] 
Solid partitions
We can think of higher-dimensional partitions recursively. Start from a Young diagram: this is a collection Y = ( 1 , . . . , s ) with s ≥ 1 of positive integers i such that i ≥ i+1 for i = 1, . . . , s − 1, and we denote its size by
The next step is a solid partition: this is a collection ρ = (π 1 , . . . , π s ) of plane partitions π i , such that π i+1 ⊆ π i . Its size is |ρ| = s k=1 |π k |. Equivalently we can think of a solid partition ρ as a collection of non-negative integers {ρ i,j,k } indexed by integers i, j, k ≥ 1 subject to the conditions ρ i,j,k ≥ ρ i+1,j,k , ρ i,j,k ≥ ρ i,j+1,k and ρ i,j,k ≥ ρ i,j,k+1 . The size is |ρ| = i,j,k ρ i,j,k . In this formulation, we can regard the solid partition ρ as the subset of points (a, b, c, d) ∈ Z 4 , such that a, b, c, d ≥ 1 and d ≤ ρ a,b,c . The character of a solid partition ρ is
A colored solid partition ρ = (ρ 1 , . . . , ρ N ) is a N -dimensional vector of solid partitions, where we call N the rank. We define its character as
We define the dual K * of K by replacing q a with q −1 a = q * a for a ∈ {1, 2, 3, 4} and similarly for N and M . We call a finite sum (with ±1 coefficients) of finite products of K, N , M and their duals a virtual character. A virtual character is movable when it does not contain ±1 factors in the sum.
Ordering of monomials
We introduce the following version of the lexicographic order on monomials in four variables (q 1 , q 2 , q 3 , q 4 ): before imposing the condition Q = 1, first order monomials by increasing powers of q 4 , then order terms with same power of q 4 by increasing powers of q 3 , then order terms with the same power of q 4 and the same power of q 3 by increasing powers of q 2 , and finally do the same with q 1 ; in formulas
where ∨ stands for OR, while ∧ stands for AND.
Once an ordering has been chosen, the content of a solid partition ρ of size k is
where the A-th component of x ρ comes from the A-th quadruple (i, j, k, l) ∈ ρ. We associate to ρ the flag
which can be used to define the iterated residue
Computation of the index
Let t be the Cartan subalgebra of G = U (k), k = rk G, W its Weyl group, and
where we use calligraphic letters for a generic theory and italic ones for our theory.
Here 
The fields χ ab and Υ provide another representation of G × G F
If we denote α the roots of G and set x i = e 2iu i , y i = e 2iz i , from the one-loop determinants we get the rational function (set
Under the assumptions that (i) ζ ∈ Cone sing Q, (ii) for every u * in M sing the set Q(u * ) is projective, and (iii) the space of fields {φ i } i∈I that have a zero mode at u = u * and solve the D-term constraints is compact, the index eq. (2.11) is [19] 
where the JK-Residue gives a prescription for which poles u * should be included that depends on ζ through the chamber of t * w.r.t. Q(u * ) to which ζ belongs.
Dimension of Weyl group is
permuting the u i 's and under S 4 acting on the q a 's. 5
If we can find a FL(Q(u * )) + -regular ξ in the same chamber of t * w.r.t. Q(u * ) as ζ, the JK-Residue is equal [20, 21] to a sum of iterated residues computed at flags F ∈ FL + (Q(u * ), ξ), which has been studied from the algebro-geometric viewpoint by Parshin [22] . In our case, if we take ζ = +(e 1 + · · · + e k ) and
for some small δ > 0 and some permutation π, then only one flag contributes.
Let us take a different route. Fix u * ∈ M sing and put
27)
Nearũ := u − u * = 0 we can write 6 (in a non-unique way and possibly up to terms that do not contribute to the residue)
for some Σ ⊆ Σ and holomorphic functions h σ that are non-zero nearũ = 0: the function χ k has at least k vanishing factors at denominator (of the form (x j − 1) or (x i − x j )), assume k of these are a basis for the ideal of linear functions vanishing at u = 0 (otherwise the residue vanishes), so we can use it to eliminate one vanishing factor at numerator; for each of the remaining summands, we repeat the above argument, and we are left with eq. (2.28); this is the only possible contribution to the residue.
If u * contributes to the residue, then there must exist σ ∈ Σ such that ζ ∈ . For generic k, an admissible set σ must contain at least one e j , which implies e i − e j is allowed while e j − e i is not; if it contains e j and e b − e j , then it can contain e a − e b but not e b − e a ; therefore each set has a tree structure.
Among the allowed poles u * , some may still not contribute to the residue due to cancellations among numerator and denominator. We want to prove by induction on k that the existence of σ ∈ Σ (u * ) with u * ∈ M sing admissible implies that u * is a solid partition. By Weyl symmetry, we can always assume ∃i < k such that
where σ (k−1) only contains e 1 , . . . , e k−1 and is admissible with respect to the truncation u (k−1) * . Since in the decomposition
the factor σ (k−1) can only come from χ k−1 , we have σ (k−1) ∈ Σ (u We now show that the allowed ways to go from k − 1 to k correspond to the possible ways of making a size k solid partition out of a size k − 1 one. Let us 6 One should use functionsf σ = k r=1 sin −1 σ r (u). However sincef σ ∼ f σ nearũ = 0, the distinction is unnecessary. examine the various possibilities, first without imposing Q = 1:
• if u k = u j + ε c = u j for some j < k, namely if the new box u k is already present in the partition, then u k − u j − ε c = u k − u j and the singular term at denominator is canceled by a term at numerator
• if u k = u j + ε c = u j + ε d for some d = c and j < k, then there exists some j such that u k = u j + ε c + ε d (this argument can be repeated pairwise)
• if there exists a such that u k − ε a does not belong to the partition, then u k − ε a = u i for all i < k, and since u j = u + ε a for some < k, then
Such correspondence is not altered when taking the Q → 1 limit, as we argue by looking at fig. 1 (and prove later in section 2.4.2). A gray box corresponds to for all σ ∈ Σ, where the iterated residue is computed at the flag
(2.32) determined by the ordered content of the solid partition and some permutation π that depends on u * , we have JK-Res χ k = Res Fρ,π χ k (2.33)
Weyl invariance of χ k implies RHS of eq. (2.33) is invariant if we replace a permutation π 1 by another one π 2 , and therefore the k! factor is canceled in the summation over fixed points.
The colored measure
For rank N and size | ρ| = i |ρ i | = k, let q ij = q i q j and
on the space of colored solid partitions, where the iterated residue is computed at
after imposing the condition Q = 1 and using a well-defined ordering. 7
From our discussion above it follows that the instanton partition function
The instanton fugacity p can be related to the string coupling and the Ramond-Ramond U (1) gauge field via p = 1 g s S 1 ds + i
Mathematical properties of virtual tangent space
The character of the virtual tangent space to the moduli space at a fixed point, i.e. a colored solid partition, is given by
We want to apply the map a to T to get the measure eq. (2.36) obtained from the residue computation: the map is such that on monomials r, s it acts as a(r) = 1/[r], mapping sums to products a(r + s) = a(r) a(s), and it converts T to a product of weights in equivariant K theory.
The movable feast
We want to prove that the tangent space is movable. It is clear that for generic a α 's it is enough to show this for N = 1. We proceed by induction: for the solid partition of size 1 it is true. Assume T is movable for all solid partitions of the size ≤ k − 1. Any size k solid partition ρ is obtained by adding a box (A, B, C, D) to the size k − 1 solid partition ρ − . We can safely assume the added box to be the highest, i.e. for any (i, j, k, l) ∈ ρ − , (i, j, k, l) < (A, B, C, D). Let T − = T ρ − . Then
We can represent the character of the new partition ρ as a sum of two terms:
(2.45) (recall that if (i, j, k, l) ∈ ρ then (i − 1, j, k, l) ∈ ρ, (i, j − 1, k, l) ∈ ρ etc. as long as i, j, . . . obey i > 1, j > 1 etc.),
Denote by [χ] (0) , for a virtual character χ, the sum of the unmovable terms, i.e.
the monomials equal to 1. Then:
47)
(we assume µ be generic, i.e. not equal to any monomial of the form q ≥0
48)
which we prove below, and
Let us now prove eq. (2.48). First: 
The sign rule
For simplicity we deal with rank one case. In this case the single Coulomb branch parameter can be scaled away, so K is just the character of a solid partition ρ of size k, and the only other parameter left from M we call µ: eq. (2.41) becomes where the residue is well-defined since T is movable and the (+k) term takes care precisely of the k (−1)'s that come from k j=1 x j x −1 j . It is crucial that the identification x = x ρ follows a well-defined ordering: this means that we order the monomials in K and assign to each of them a distinct x j according to such ordering. Since T is movable, so is δT := T χ+ξ − T χ , where the subscript of T denotes the character of the partition where it is computed, and by the induction hypothesis
This is so because, thanks to the properties of Parshin residue, by the time we come to computing the residue over x k = ξ, all the other variables have already been substituted for their value, and δT f takes the form written in eq. (2.60).
Let us focus on this last term: we need to identify possible ±1's coming from
x −1 term as x → ξ: these will produce the minus signs we are after when combining with possible ±1's from x terms, as we know the argument of residue has exactly one pole as x → ξ (because δT is movable), and the expression is otherwise identical to
δT . This task is equivalent to counting the net number of ±1's in 
and ∆ η a is the sum of all terms in χ a where at least one power of q 1 , q 2 or q 3 is (strictly) bigger than A − 1, B − 1 or C − 1 respectively. Notice that since η ∈ χ h , we have to add and subtract it to write χ h + η = χ P (η) + ∆ η h . This decomposition allows to sum over χ P (η) , while it is easy to show that ∆ η a terms do not contribute unmovable terms: we can write (up to movable terms) There are two subcases:
, then we get −1 + 1, namely no zeros or poles from A 1 .
case (b2): otherwise, we get exactly one pole from the second term.
Since Res x=ξ dx x a(ξx −1 ) = −1, while Res x=ξ dx x a(ξ * x) = +1, the desired sign pattern is proven: terms of type (b1) and (a), which are present exactly when ξ increases h(·) by 0 (mod 2), do not have poles or zeros in x −1 and therefore do not get a minus sign when computing the residue, while terms of type (b2), which increase h(·) by 1, have a single pole in x −1 and therefore get an extra minus sign.
The conjecture
We conjecture that the instanton partition function can be written as
where the plethystic exponent of f (x 1 , . . . , x r ) is
and the argument is
In particular, the dependence on Coulomb branch parameters and masses is only through an overall product factor. We have checked the conjecture up to the sizes k = 16, 7, 6, 5, 4 for the ranks N = 1, 2, 3, 4, 5 respectively.
The simple dependence on the rank N Coulomb parameters and N masses (or, on the U (N |N ) Coulomb parameters), presumably reflects the U (N |N ) → U (1|1) reduction in the non-perturbative setting.
Non-generic parameters and wall-crossing
One of the assumptions of the localization computation is that the parameters in M and N are generic, namely they are not related to each other nor to the q a 's.
That is required (roughly speaking) so that the torus action localizes the integral completely, or equivalently to prove that the tangent space is movable. If this is not the case, one should first deform the problem such that the parameters are generic enough, and then take the desired degenerate limit. Our conjecture implies that, when M and N are such that µ α , then Z = 1. This often involves cancellations among many singular terms, and it has been checked in many cases to hold experimentally. On the other hand, when the parameters are non-generic, one can often deform the action by adding further exact terms, which localize the path integral to a smaller subset than the generic case.
Example
Let us look at an example with rank 2 and degenerate Coulomb parameters N = 1 ⊕ q 3 q 4 , and masses M = q 3 ⊕ q 4 . One can check that indeed the contributions from fixed points cancel for the first few values of k; as k grows, some singular terms appear, but their contributions also cancel, as expected.
On the other hand, since we also have a decomposition I = I 1 ⊕ I 2 and Υ = Υ 1 ⊕ Υ 2 , we can add to the gauge fermion Ψ the terms B 3 I 1 Υ † 1 and B 4 I 1 Υ † 2 that are allowed by the particular form of N and M , and imply that classical vacua also satisfy the two equations B 3 I 1 = 0 = B 4 I 1 , which imply in turn that the first solid partition can only grow along directions 1 and 2.
We observe that in this case the virtual tangent character coincides with that of U (1) N = 2 * theory in 4d, and the contribution of the partitions colored by 1 is exactly that of such theory (they are 2d partitions, growing in the q 1 , q 2 directions).
It would be interesting to see whether it is possible to further modify the action by adding the exact terms in such a way that partitions colored by q 3 q 4 have a vanishing contribution, in which case we would be left after crossing the wall with the partition function of 4d U (1) N = 2 * theory.
Chern-Simons term
We can add to our action a 1d Chern-Simons term CS m = m tr(A t + iΦ) (2.67) for some m ∈ Z. This is gauge invariant and supersymmetric, and upon localization it produces (schematically) a factor of
in other words the measure eq. (2.36) gets replaced by
(for simplicity we wrote the N = 1 case, the higher rank generalization is straightforward). We could not find a simple plethystic expression in the case m = 0.
A D8-brane acts like a domain wall in type IIA theory, and it separates regions of space where the parameter m differs by one unit. As a D0-brane passes through the D8-brane, m jumps by one unit. In addition there is a jump in the slope of the effective inverse string coupling constant. The D0-brane, whose effective mass is proportional to the inverse coupling, feels a force that apparently jumps discontinuously. However, this discontinuity is balanced by the tension of the fundamental string that is created or destroyed in the process [23] .
It would be interesting to connect such CS-terms to some M, N → 0, ∞ limit of our equivariant parameters, corresponding to moving one or more (anti)D8-branes far away at infinity.
Prior conjectures
The rank N = 1 case of eq. (2.66) is discussed in Ref. [1] . Another interesting limit takes us from the theory of multiple D8-to the theory of multiple D6-branes. 
D0 − D6 brane partition functions
The torus action is given by the Ω background parameters q a = e βεa corresponding to the rotations of the three orthogonal spatial R 2 's in the worldvolume, and
Coulomb branch parameters ν α = e iaα in the Cartan of U (N ). Let y = ({q a }, {ν α }).
We consider the grand canonical partition function Z D6 N of integrals of some char-acteristic class τ in equivariant K-theory
One can use localization to compute Z as a sum over the fixed points. Define u = diag(ν 1 , . . . , ν N ). The fixed points are given by matrices for which the torus action can be undone by a U (k) transformation:
These are in one-to-one correspondence with the N -tuples of plane partitions π = (π 1 , . . . , π N ). The virtual tangent space is
(1 − q a ), and the character of a plane partition is
For N = 1 one can compute T as the difference between deformation and obstruction in perfect obstruction theory. For N > 1 one can use a supersymmetric quantum mechanics and apply the same method as section 2. Applying the function a to eq. (2.41) gives the result of localization (in Dirac twist) for Z. Concretely, Z is a generating sum over colored plane partitions [24, 25] 
with the weight function determined by a(T )
[q a q s−s ν αβ ] (3.8)
We denoted q r+i = q r 1 +i 1 q r 2 +i 2 q r 3 +i 3 for r ∈ π, i ∈ Z, and ν αβ = ν α ν −1 β .
To get the D0 − D6 measure from the D0 − D8 measure we set
for all α = 1, . . . , N . Thus, the parameter s = N α=1 να µα in eq. (2.66) equals q N 4 and our conjecture reduces to the conjecture of Awata and Kanno [26] (in particular, it does not depend on the Coulomb moduli ν α , as also observed in Ref. [26] ) and for N = 1 to the conjecture by one of the authors [4] proved by Okounkov [27] . In the rank N case Z D6 N can be written as a plethystic exponent (we use q 4 := (q 1 q 2 q 3 ) −1 ):
Remark Using eq. (C.4) we can write
Using eq. (C.6) we can equally write (use z 1 = q
This formula should be compared to the partition function of eleven dimensional supergravity on R 6 ×S N fibered over S 1 with the twist on R 6 ≈ C 3 given by (q 1 , q 2 , q 3 ) and the compensating rotation of the resolved ALE spaceS N , with p being the hyperKähler U (1) rotation.
In the limit ε a → 0, keeping ε a /ε b finite, and imposing the Calabi-Yau constraint 
A Examples

A.1 A computation at five instantons
Let us compute the residue contribution for rank N = 1 from the fixed point which has ν(F ) = +1. The iterated residue at F of χ 5 is equal to its iterated residue at the flag given by our choice of ordering, both being
× (−1 + q 1 q 2 2 )(−1 + q 1 q 3 )(−q 2 + q 1 q 3 )(−1 + q 2 q 3 )(−1 + q 2 2 q 3 ) (ν 1 − ν 2 q 2 )(q 2 − q 3 )(−1 + q 3 )(−1 + q 1 q 2 q 3 )(−1 + q 1 q 2 2 q 3 ) (A.13)
z (0,1+q 4 ) = ν 1 (µ 1 − ν 2 )(µ 2 − ν 2 )(−1 + q 1 q 2 )(−1 + q 1 q 3 )(−1 + q 2 q 3 ) µ 1 µ 2 (ν 1 − ν 2 )ν 2 (−1 + q 1 )(−1 + q 2 )(−1 + q 3 )(−1 + q 1 q 2 q 3 ) 2 × (−ν 2 + µ 1 q 1 q 2 q 3 )(−ν 2 + µ 2 q 1 q 2 q 3 )(−1 + q 2 1 q 2 2 q 3 )(−1 + q 2 1 q 2 q 2 3 ) (1 + q 1 q 2 q 3 )(−ν 2 + ν 1 q 1 q 2 q 3 )(−1 + q 2 1 q 2 q 3 )(−1 + q 1 q 2 2 q 3 )
One can check that eq. (A.6) has the plethystic representation eq. (2.64).
B Definitions
We call a collection A of elements Q i ∈ R k * a hyperplane arrangement. We call where dim F j = j and A ∩ F j spans F j for every j. For F ∈ FL(A), define
If the k vectors κ F j are linearly independent, define ν(F ) = ±1 depending on whether the sequence [κ F 1 , . . . , κ F k ] is positively oriented. For F ∈ FL(A), take a positively oriented basis
generates F j ; then the iterated residue at F is defined using such a basis. We say that ξ is FL(A) + -regular if for every F ∈ FL + (A, ξ), in any decomposition ξ = k j=1 m j κ F j all the coefficients m j are non-zero.
C ALE computations
The character of the space of sections of the spin bundles over C 2 is equal to the equivariant index of Dirac operator, which is equal to
where z 1 , z 2 are the weights of the two holomorphic coordinates. Now let us perform an orbifold by Z N ⊂ SU (2), which acts via (z 1 , z 2 ) → ( z 1 , −1 z 2 ), = exp 2πi N :
Using the simple identity
for any complex γ, which is not an N -th root of unity, we compute:
We call eq. (C.4) an orbifold version of the character. One the other hand, the orbifold C 2 /Z N admits a toric resolutionS N , with the two-dimensional torus action, which asymptotically is the action of the torus on C 2 projected down to the quotient by Z N . The resolved spaceS N has N isolated fixed points p l , l = 1, . . . , N with local weights given by: and (C.6) can be checked directly. However it is amusing to observe that the equality is a consequence of the compactness of the fibers of the projectionS N −→ C 2 /Z N (see Ref. [29] for a similar discussion).
Note that for each l the product of the two weights is equal to z 1 z 2 . This is a reflection of the Calabi-Yau nature of the resolutionS N .
